Abstract. Let P n,k be the number of permutations π on [n] = {1, 2, . . . , n} such that the length of the longest increasing subsequences of π equals k, and let M 2n,k be the number of matchings on [2n] with crossing number
Conjecture 1.7
The polynomial sequence {M 2n (x)} is strongly q-log-convex.
Conjecture 1.8
The polynomial sequence {M 2n (x)} is ∞-q-log-convex. Furthermore, the polynomials M 2n (x) are log-concave of any order with respect to ∞-q-log-convexity.
The following conjecture is concerned with the Boros-Moll polynomials [3, 4] . The log-concavity is established by Kauser and Paule [11] .
Conjecture 1.9
The sequence of the Boros-Moll polynomials is ∞-q-logconvex, and they are log-concave of any order with respect to ∞-q-log-convexity.
The Background
The longest increasing subsequences of permutations have been extensively studied; see, for example, [1, 2, 6, 8, 14] , in particular, the survey of Stanley [20] . Baik, Deift and Johansson [1] have shown that the limiting distribution of the coefficients of P n (x) is the Tracy-Widom distribution. The numbers P n,k can be computed by Gessel's theorem [8] . Let S n be the symmetric group on [n], and let is(π) be the length of the longest increasing subsequences of π. Define
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we can use Gessel's theorem to compute P n,k for small n. Here we list P n (x) for 1 ≤ n ≤ 18: One can check that P n (x) are log-concave for 1 ≤ n ≤ 18. We now recall the notion of k-log-concavity; see, [11] . Define the operator L which maps a sequence {a i } of nonnegative numbers to a sequence {b i } given by
Then the log-concavity of the sequence {a i } is defined by the positivity of L{a i }, namely, b i is nonnegative for all i. If the sequence L{a i } is not only positive but also log-concave, then we say that {a i } is 2-log-concave. In general, we say that {a i } is k-log-concave if L k {a i } is nonnegative, and that
In fact, when n ≤ 18, we can find the sequence {P n,k } 1≤k≤n is 4-logconcave. This evidence leads us to surmise that the sequence {P n,k } 1≤k≤n is ∞-log-concave.
The q-log-concavity of polynomials has been studied by many authors including Butler [5] , Krattenthaler [12] , Leroux [13] , and Sagan [15, 16] . Notice that here we have use x instead of q for the polynomials P n (x) and M 2n (x). Following the notation of Sagan [16] , given two polynomials f (q) and g(q) in q, we write
if the difference f (q) − g(q) has nonnegative coefficients as a polynomial of q. A sequence of polynomials {f k (q)} k≥0 over the field of real numbers is called q-log-concave if
Liu and Wang [21] introduced the notion of q-log-convexity. A polynomial sequence {f n (q)} n≥0 is called q-log-convex if
A stronger property, called strong q-log-convexity, is introduced by Chen, Wang and Yang [7] . A polynomial sequence {f n (q)} n≥1 is called strongly q-log-convex if
When 1 ≤ n ≤ 17, we find P m−1 (x)P n+1 (x) ≥ x P n (x)P m (x).
Motivated by the notion of ∞-log-concavity, we define the operator H which maps a polynomial sequence {A i (q)} i≥0 to a polynomial sequence {B i (q)} i≥0 given by
Then the q-log-convexity of the polynomial sequence {A i (q)} is defined by the q-positivity of H{A i (q)}, namely, the coefficients of B i are nonnegative for all i. If the polynomial sequence {B i (q)} is q-log-convex, then we say that {A i (q)} is 2-q-log-convex. In general, we say that {A i (q)} is k-q-logconvex if the coefficients of H k {A i (q)} are nonnegative, and that
When 1 ≤ n ≤ 16, we find the polynomial sequence {P n (x)} log-concave of order 3 with respect to 3-q-log-convex. This leads us to surmise the polynomial sequence {P n (x)} is ∞-q-log-convex.
We now give a brief review on how to compute the polynomials M 2n (x). The crossing number of a matching on [2n] is the maximum number k such that there are k mutually intersecting edges in the standard representation of the matching; see [6] . Let v k (n) denote the number of matchings on [2n] whose crossing number is not greater than k. For example, the crossing number of a noncrossing matching equals one, since by "noncrossing" we really mean 2-noncrossing. Note that here we have used a slightly different notation from that in [20] . Let
Grabiner and Magyar [10] derived the following matching analogue of Gessel's Theorem. The same formula has also been obtained by Goulden [9] .
Applying the above theorem, we can compute v k (n) when n is small. It is easily verified that {M 2n,k } 1≤k≤n is 4-log-concave for 1 ≤ n ≤ 15 and {M n (x)} 1≤n≤15 is strongly q-log-convex.
If the coefficients of the H{A i (q)} are not only positive but also logconcave, then we say that {A i (q)} is log-concave of order two with respect to the 2-q-log-convexity. In general, we say that {a i } is log-concave of order k with respect to the k-q-log-convexity, if the all polynomials in H k {A i (q)} are log-concave, and that {A i (q)} is q-∞-log-concave if all the polynomials in H k {A i (q)} are log-concave for every k ≥ 1.
When 1 ≤ n ≤ 14, we find the polynomial sequence {M 2n (x)} is q-3-log-concave. This leads us to surmise the polynomial sequence {M 2n (x)} is q-∞-log-convex.
Finally, we recall the definition of the Boros-Moll polynomials which are a class of the Jacobi polynomials, and are also denoted by P n (a) as in [11] : 
